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ABSTRACT: The distribution function P ( s )  ds of the radius of gyration of a Gaussian molecule of arbitrary com- 
plexity is obtained as an exact series expansion through fourth order. The asymptotic behavior of P(s)  ds is given to 
within a constant and is found to depend upon the magnitude and degeneracy of the minimum eigenvalue of the 
Kirchhoff matrix. The distribution function of the inertial tensor is also investigated by means of a transformation 
to polar coordinates; the first term in the series expansion of this function is given. A proof is given for the known fact 
that  a Gaussian molecule is never spherically symmetric in a coordinate frame affixed to the principal axes of the 
molecule. 

Distribution functions of the radius of gyration P ( s )  ds 
and of the inertial tensor P(Sas)II dSao of Gaussian molecules 
of arbitrary complexity in the unperturbed state are here 
treated by a method which exposes some interesting features 
of these functions. The method is based on the simple obser- 
vation that the radius of gyration or principal components of 
the inertial tensor are radial coordinates in multidimensional 
spaces. Transformations from Cartesian to polar coordinates 
make explicit the dependence of the distribution functions 
upon s or Sap. 

The exact power series development of P ( s )  ds is carried 
to fourth order, and the rule for computation of successively 
higher order terms is given. An elementary proof that an un- 
perturbed Gaussian molecule is never spherically symmetric 
is given, and the first term in the expansion ofP(S“@)II dSN@ 
is displayed. All calculations are general with respect to the 
dimensionality of the space and to the connectivity of the 
molecule. 

I. Distribution Function of t he  Radius of Gyration 
A configuration of n points in an m dimension space may 

be specified by assigning values to each of the mn Cartesian 
coordinates of the vector x = (xll, x12,. . ., xlm,  xzl, . . ., x n r n ) .  
The space of all configurations constitutes Rmn.  The potential 
energy V/kT of a Gaussian molecule with graphical structure 
(connectivity) specified by the Kirchhoff matrix K 

VlkT = y x ( K  8 lm)x ’  

where y = m/2( P), in which ( 1 2 )  is the mean-square unper- 
turbed length of one step, 1, is the identity of rank m, and x‘ 
is the transpose of x. The probability distribution P ( s )  ds is 
given by 

x exp[-yx(K @ l,)x’]x/ds (1) 

where x is the mn dimensional volume element 

fi fi d r j a  
a = l j = l  

2 is the configuration integral (given below), and the product 
of delta functions fixes the origin of coordinates at  the center 
of mass of the distribution. 

The squared radius of gyration s2 = n-lxx’. A transfor- 
mation of the group O(mn) acting to the left on x’ leaves s2 
invariant. In particular, the transformation (T @ lm)x’ = q’, 
T E (n), which diagonalizes K according to TKT’ = A, where 
A = diag(A1, . . ., A,,), leaves s2 invariant. Hence s2 = 
n-lqq’. 

The matrix K always has one and only one zero eigenvalue 
if the graph that it describes is connected. Let qn* be the 
components of the normal coordinates which belong to the 
zero eigenvalue. Then 

P ( s )  ds = ds Z-1 fi 6 ( q n a )  
a=l 

X exp[-yq(A @ lm)q’]Q/ds (2) 

since q,,” is proportional to Zxj“. Integration over the q,,* 
amounts to deletion of the zero eigenvalue (corresponding to 
translation) in A. Thus 

P ( s )  ds = ds 2-’ J exp[-yqo(Ao @ lm)qo’]Qo/ds (3) 

where A0 = diag(A1,. . ., A,,-1), Ill01 # 0, and qo is the m(n - 
1) dimensional vector obtained from q by striking the qn*. The 
configuration integral which normalizes P ( s )  ds is easily seen 
to be 

2 = S exp[-yqo(Ao @ 1m)qo’IQo 
= (,/y)m(n-’)/21Aol-m/2 (4) 

The vector qo is now converted to the polar form 

qo = n%u (5) 
where all vectors u (uu’ = 1) constitute the space Sm(,,-l)-l, 
the mn - m - 1 dimensional sphere. The volume element in 
polar coordinates is obtained from the fact that I G I1/2y is the 
volume element of the space with metric da2 = dy G dy’. We 
have 

da2 = dqo dqo’ = n(ds u + s du)  
X (u’ ds + du’s) = n(ds2 + s2 du du’) (6) 

since u du‘ + du  u’ = 2(u du’) = 0. The volume element 
Q0 -. nrn(n-l)/Zsrn(n-l)-l  ds 

so that eq 3, with use of eq 4, becomes 
p ( s )  ds = ( ny/,)m (n- 1 )/z I A. I m/ZS mn-rn- 1 

X ds F(nys2)  (7a) 

where 

F(nys2)  = j exp[-nys2u(Ao @ lm)~’]U (7b) 

Completion of the quadratures in this expression can be ac- 
complished by a t  least three different methods. 

To  demonstrate the equivalence of eq 7 with conventional 
formulations, the condition that u lies on the unit sphere is 
imposed by insertion of ~ ( u u ’  - 1) in the integral analogous 
to eq 7, but taken over Rm(f2-1). Thus 
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and eq 7 becomes 

P ( s )  ds = ( 2 ~ s ) - ~ l A o l ~ ’ ~ d s  

X J: ( A 0  - (iP/nys2)1n-11-m/2e-rla dp  (8) 

which coincides with the result of Coriell and Jackson3 for the 
one-dimensional linear chain on introduction of = 4 sin2 
(a1/2n). 

An alternative evaluation of eq 7 is accomplished by series 
expansion of the integrand to give 

P ( s )  ds = (ny/a)m(n-1)/2(A01m/2~mn-m-l ds 

Since 

u = 2Tm(n- l ) /%/r [m(~ - 1)/2] (10) S uu’= 1 

the first term of the series in eq 9 is 

2(ny)rn(n-1)/21 Aol rnDS rnn-m - 1 / r [ m ( n  - 11/21 

which is exact, and so improves the previous results of Fix- 
man,4 Norisuye and Fujita,5 Forsman,6 and Coriell and 
J a c k ~ o n . ~  

The integral 

F ( t , p )  = Lt-l (utAfut’)PUt, At = diag(a1, az, . . ., a t )  

over all ut  such that ut  ut’  = 1 is evaluated by a recursive 
method. Let ut  = (cos B t - l ,  sin Ot-lut-l), so that do2 = dui 
du t ’  = dOt-12 + sin2 O t - l  dut-l  dutP1’, and U t  = sin‘+ O f - ]  
dot - 1 U t  - 1 .: 

The integral becomes 

Use of these expressions in eq 9, with Tr(Atk) = Tr(A$ 8 1,) 
= mTr(.iok), gives the first four terms in the expansion of P ( s )  
ds. The general term F ( t , q )  of the set of eq 1 2  is evidently of 
the form 

x T r  (A,”). . .Tr’(AthO 
i 

where the sum is over all sets IkJ such that 
1 

j =  1 
C j k j  = 4 

Substitution of an expression of this form for F ( t ,  p )  and F ( t  
- 1, p )  in eq l l a  yields a set of linear equations to be solved 
for the b, in terms of lower order b,,; by this method eq 12 
were obtained. 

The third method of evaluation of the integral defined by 
eq 7b gives the asymptotic expansion of P ( s )  ds as s - m. 

Preliminary direct evaluation of 

F ( a )  = J exp[-au(Ao 8 lm)u’]U (7b) 

suggests that the degeneracy of A0 8 1, must first be removed. 
Let A, ( p  5 n - 1) be the matrix of all distinct and ordered 
eigenvalues of Ao, The j t h  eigenvalue of A, occurs wI times 
in Ao, and mu; times in A0 8 1,. Now define u = ( u j t j ) ,  where 
u, is a scalar and tl (1 5 j 5 p )  lies on the mwj - 1 dimensional 
sphere, so that 

U(AO 8 1, )~’  = ~ A p v ’  (13) 

The volume element ri is converted to v and tj space by the 
usual method. We have 

du du’ = 5 (du,2 + u j 2  dt, dt,’) 
J=1  

so that 

Integrals over the t, give 

and F ( a )  reduces to 

F ( a )  = C s exp[-avApv’] fi u j r n w r l  du; (14) 
vv’=l j = 1  

taken over the p - 1 dimensional sphere. 
Use is now made of projective geometry to remove the re- 

strictions on the ranges of integration. The antipodal projec- 
tion of S P - l  onto the p - 1 dimensional hyperplane is defined 
by the coordinate transformation7s8 

x i  = uj/up (1 5 i s p  - 1) 

Thus, 1 + xx’ = u p - 2  and the metric 

dv dv’ = (1 + xx’)-l dx(  1 + x’x)-l dx’ 

is obtained from 

dv dv’ = dV de‘ + du, 

and 

dx = uP-’(dV - up-’ dup8) 

[Use is made of (1 + x’x)-1 = 1 - x’(1 + xx’)-lx = 1 - V’V 
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which follows from x(1 + x’x)-l = (1 + xx’)-lx.] The re- 
striction of II duj to vv’ = 1 is equivalent to 

(1 + X X ’ ) - ~ / ~  ’fi’ dx, 

taken over 1 + xx’ > 0, or -a 5 x i  5 a. The integral of eq 14 
now becomes 

j =  1 

I A, + XAp-lX’ 

1 + xx‘ 
~ ( a )  = c S exp[ -a 

which demands evaluation. 
Not surprisingly, eq 15 cannot be integrated in closed form 

except in special cases. For example, if p = 2 (a linear chain 
with n = 3, wi  = 1, or a circular chain with n = 5 ,  wi = 2, or 
more complicated networks) the integral reduces to a con- 
fluent hypergeometric function, and so P ( s )  ds is given by a 
known analytic function. If p = 1, and w1 = n - 1, the integral 
in eq 7b is trivial. In such a case the Kirchoff matrix describes 
a molecule in which every node is connected to every other. 
For more interesting molecules, eq 15 at  least yields the as- 
ymptotic behavior of P ( s )  ds for any Ap.  

The integral over x1 in eq 15 can be accomplished by making 
the change of variable 

t = x1q1 + x x y 1  

so that 

F ( a )  = C exp(-aAl) exp(-az) S 
-m(n-l-wJ)/2 p-1 

x I m w ~ - l  dx, 
2 

z = [A, - A 1  + P-1 c (A, - A d X j 2 ] [  1 + F’ x j y  

2 2 

positive definite. The integral over t is9 

where M(b, c, x )  is the confluent hypergeometric function. 
The Kummer transformation gives 

exp(-az)M(mwl/2, m(n  - 1)/2, a z )  
= M(m(n - 1 - 01)/2,  m(n  - 1)/2,  - a z )  

and the asymptotic expansion of M(b, e, - x )  as x - m is 

Thus, as s - m, the dependence upon a = nys2 factors and 

F ( a )  = F(nys2)  = Gl(Ap)s-m(n-l-wl) exp(-nyAls2) 

where G,(A,) is a function of n,  m ,  y, and Ap, but not of s. The 
asymptotic expansion for P ( s )  ds is 

P ( s )  ds = G2(AP)smw1-l exp(-nrnAls2/2(l2)) ds (17) 
For the linear chain, A1 = 4 sin2 ~ / 2 n  = T2/n2, w1 = 1, so that 
for m = 3 

P ( s )  ds - s2  e x p ( - 3 ~ ~ ~ ~ / 2 n ( l ~ ) )  ds (18) 

which coincides with the earlier  result^.^,^ For the circular 
chain,1° A1 = 4 ~ ~ / n *  and w1 = 2, so that as s - 03 

P ( s )  ds - s 5  exp(-6r2s2/n( 1 ” )  ds (19) 

If these expansions, eq 18 and 19, extend to smaller s than 
might be indicated by the derivation, then the behavior of the 
circular chain relative to the linear chain found by $ 0 1 ~ ~ ~  is 
comprehensible. The larger power of s occurring in eq 19 for 
the circular chain tends to move the maximum of P ( s )  to 
larger values of than for the linear chain, and the 
larger factor in the exponent causes P ( s )  to fall more rapidly 
with increasing s/(s2)01/*. Regardless of this qualitative 
agreement with the known exact behavior of P ( s )  for the two 
chains, care must be exercised in extending eq 18 or 19 into 
regions not commensurate with the asymptotic limit. 

11. Distribution Function of the Inertial Tensorlo-16 
The inertial tensor S of a distribution of n identical particles 

with configuration in m dimensional space specified by the 
matrix 

is given by 

8 = n-lXX’ (20) 

if the origin of coordinates coincides with the center of mass. 
The potential energy of a Gaussian molecule with this con- 
figuration is 

V/kT = yTr(XKX’) = r x ( K  @ lm)x’ 

The inertial tensor is a symmetric matrix which is brought 
to S = diag(S1, Sp, . . ., S,) by a transformation with one of 
the matrices of the group SO(m) of rank m orthogonal ma- 
trices of unit determinant according to S = RSR’ = 
n-lRXX’R’; R E SO(m).  The matrix X may be uniquely 
written as 

X = n1/zR’S1/2V, VVf = I,, V’V # 1, 

by the Eckart-Young theorem;17 here S1/2 = diag(S11/2, S21/2, 

The probability distribution of the inertial tensor in prin- 
. . ., Sm1/2) 

cipal axes is given by 

(21a) 

where X = 1 = II,,, dxJa, and S = II;” dS,. Transformation 
to normal coordinates Q = XT as before gives 

P ( S ) S  = Z-lSJ exp[-yTr(QoAoQo’)]Qo/S (21b) 

where QO is the m X (n - 1) matrix obtained from Q by 
striking qna. As before, Z = (,/y)m(n-1)/21A~I-m/2 normalizes 

In a coordinate frame with origin located a t  the center of 

S = n-lRXX’R’ = n-lRQQ’R’ = n-lRQoQo’R’ (22) 

The matrix QO = R’(&O)U (by the Eckart-Young theorem), 
where R’ E SO(m), U E O(n - 11, and 5 = diag(f1, F p ,  . . .,Em). 
(The reason for expression of QO in this form rather than in 
terms similar to that of X above will be apparent shortly.) 
Since S = n-lQOQo, we have l2 = nS. 

The volume element Qo belongs to the metric du2 = Tr(dQ0 
dQo’). H ~ w e v e r , ~  

(23a) 

P ( S ) S .  

mass of the system we have 

dQo = dR’(5,O)U + R’(df,O)U + R’([,O) dU 
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or 
R dQoU’ = 6R([,O) - (4,0)6U + (d[,0) (23b) 

where 6R = R dR’ = -dRR’ = -6R’ (since RR’ = lm), and 
6U = -dUU’ = -6U’ (since UU’ = ln-l). Let ([,O)SU = ( (6~1 ,  
@u2), 6ul = -6u1’, so that 

R dQoU’ = (dt  + 6Rf - € 6 ~ 1 ,  - 4 6 ~ 2 )  

and 

da2 = Tr[(dF + 6RC - 4 6 ~ 1 )  (dC + @R’ - 6 ~ 1 ’ 6 )  + F26u26u2’] 

Reduction of this to 

da2 = Tr[dC2 - (6RF - € 6 ~ 1 )  (@R - 6 ~ 1 4 )  + 426u26u2’] 

follows from the skew-symmetry of 6R and 6ul. The decom- 
position 

6RC - = %[(6R[ - & h i )  + (6RI - &hi)’] 

+ %[(6R[ - @ui) - (6R.t - @ui)’] 

into symmetric 

6a = %[(6R t 6ul)€ - [(6R + 6ul)] = 68[ - @e, 68 = -68’ 

and skew-symmetric 

6b = $[(6R - 6ul)C + E(6R - bui)] = 64[ + [st$, 64 = -6-4’ 

parts gives 

da2 = Tr[df2 + ha2 - 6b2 + F26u26u2‘] 

= 5 dta2 + 2 C [(t, - tpI260,p2 + (t, + tp)26&p21 
,=l o! <B 

n-m-1 
+ 5 Ea2 C 6 U 2 , a j 2  (24) 

,=l ,=l 

for which the volume element is 

Now, since 

the term 

n 60,o 64,p = 2-m(m-1)/2 n 6Rap6Ui, ,p 
a<@ u<B 

and eq 21b becomes 

p(S),$ = I Aolm/2(ny/. lr)m(n-1)/2 IS1 ( n - m - 2 ) / 2  n 
a<i3 

X IS, - Sp(S S exp[-nyTr(SUoAoUo’)]6R6Uo (26) 

where UO is the first m rows of U. The volume elements 

and 

require elaboration. 
Let do2 = Tr(dV dV’) be the metric on the space of rank 1 

orthogonal matrices, i.e., V runs through all of SO(1). Then 

da2 = Tr(dV dV‘) = Tr(dVV‘V dV‘) = Tr(GV’6V) 

where 6V = V dV’ is skew-symmetric. In component nota- 
tion, 

and the associated volume element is 

21(1--’)/4 n 6Vaa = $’ 

Suppose now that V is partitioned into 

v =  [:; ::I 
so that 

-6v2 6v4‘ I 6V = [ 6vl’ 
6v2’ 

I VI dvi’ + VP dV2‘ = [  ~3 dv1’ + ~4 dvq’ 
VI d ~ 3 ‘  + vp d ~ 4 ‘  
~3 d ~ 3 ’  + ~4 d ~ 4 ‘  

The metric 

Tr(6v16vl’ + 6 ~ 2 6 ~ 2 ’ )  

= Tr(dv1 dv1’ + dvq dv2’) = Tr(dV0 dVo’) 

on account of the orthogonality of V. Here, as above, VO = (VI,  

v2). The volume element belonging to  this metric, where now 
VO - UO, is 

Equation 26 may now be written 
p ( s ) S  = 2 - m ( m - 1 ) / 2 ( ~ ~ / , ) m ( n - 1 ) / 2  

x IA01m/21SI ( n - m - 2 ) / 2  n IS,-SAS 
‘r<P 

X S R S  exp[-nyTr(SUoAoUo’)]00 (27) 

where S R  is the volume of the orthogonal group SO(m),  and 
the integral over 00 is constrained by UoUo’ = 1,. This 
manifold is the symmetric space SO(n - l) /SO(n - m - 
l).8J8J9 [The group SO(n - 1) acts transitively on UO, since 
the point (1,, 0) is mapped into any UO = (1,, O)G, where G 
E SO(n - 1). Furthermore, the subgroup SO(n  - m - 1) 
consisting of matrices of the type 

[f ;] H E  SO(n - m  - 1) 

leaves (lm, 0) fixed. These facts suffice to identity UO with 
SO(n - l ) /SO(n  - m - l).] The volume of ‘Vi of SO(1) is 
given by Hua7 as 

1-1 

,I= 1 
vl = s v  = 231(1-1)W(1-1) /4  n r(d2)/r(u) (28) 

The volume of SO(l)/SO(l - k )  is ‘ V l / ‘ V i - k ,  as is shown by the 
following argument.’ Partition V’ = (VO’, VI’), where VO’ is 
of dimension 1 X k ,  k < 1; then 

Suppose VO to be fixed while integrating over V1. There exists 
a transformation P’VoG = (lk, 0); hence ( l k ,  O)G‘V1’ = 0, or 
VIG = (0, W). But VIGGV1‘ = WW’ = 1i-k; furthermore [GI 
= 1. Thus, W E SO(1- k ) ,  and 

v , = s  “1 w w =  1 W J  VoVo’= 1 vi0 vv=1 
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Since the integral extends over the compact space SO(n - 
l ) /SO(n  - m - l), the first term of the series is 

r [ (n  - m - 2 + u)/21r(u/2) m(n-1)/2 X (2ny) r ( n  - m - 2 + u ) r ( v )  

X IAoI‘n/zlS((n-m-2)/2 n IS, - S P I S  
m<P 

Successive terms are not so easily calculated. However, the 
integral in eq 30 can be accomplished for m = n = 2 and results 
in the modified Bessel function l o .  

The integral over the manifold UoUo’ = 1 may be reduced 
by insertion of a product of m(m + 1)/2 delta functions in the 
analogous integral over Rm(n-l), so that 

G(S)  = J exp[-nyTr(SUoAoUo’)]~o 
= ( 2 ~ ) - ~ ( ~ + l ) / ~  J dk  exp[iTr(KYY’) 

- iTr(K)] exp[-nyTr(SYAoY’)] Y 

Here d k  = Ha<@ dk,p, and 

It  is easy to show that Tr(SYA0Y’) = y(S Q A o ) ~ ’ ,  where y = 
(yll, y ~ ’ ,  . . ., yn-ll, y12, . . ., yn-lm). The integral becomes 
G ( S )  = (2,)-m(m+l)/2(,/ny)m(n-1)/2 

X 1 d k  exp[-iTr(K)] IS 8 A0 - (i/yn)K Q 1n-11-1/2 

which can be alternatively represented in polar form by 
transformation of K16. This integral does not yet hold promise 
of further reduction to simple terms. 

111. Discussion 
The distribution function of the inertial tensor given as eq 

30 provides some insight into the behavior of Gaussian mol- 
ecules. For present purposes, the functional dependence 

P ( S ) S  0: I SI (n-m-2)/2 n IS, - SplG(S)S 
rr<8 

is of interest. I t  is first noteworthy that a Gaussian molecule 
is never spherically symmetric.lo-l5 (More precisely stated, 
spherical configurations constitute a set of measure zero.) The 
basis of this well-known behavior can be explained in ele- 
mentary terms. Take the case m = 3; the space of all ellipsoids 

with axes al, a2, a 3  fills an octant of R3. The space of all 
spheres is the line a1 = a2 = a3. The measure of the former 
space is infinitely larger than that of the latter. The C3” 
symmetry axis of the octant is the line on which spheres reside, 
and the molecule will appear to be spherical only if the con- 
figurations are averaged over all orientations relative to a 
space-fixed frame. 

The second point to be emphasized is that the pronounced 
asymmetry of the distribution found by solc and Stock- 
mayer1’J2 has a curious origin. The function G ( S )  is a sym- 
metric function of S I ,  . . ., S,, as can be seen by permuting a 
pair of the S ,  in the integral. Concomitant permutation of the 
rows of UO obviously leaves G ( S )  unchanged. The factor in 
P ( S ) s  which generates asymmetry is H,<@lS, - SsI; its effect 
is to restrict the range of and order the Sa. Thus, for m = 3, 
all configurations of nonzero measure are such that 0 < S 3  < 
S2 < S1 < m. It  is the fact that S3 must be less than Sz that 
makes S 3  small. Since S1 has no upper limit, its average value 
is relatively large. 

Review of the derivations of eq 30 suggests that these 
qualitative considerations have validity beyond the strictures 
of the Gaussian model, since they arise solely from the effect 
of the transformation of the configuration space to polar form. 
In other words, entropy is sufficient to spread the distribution 
of particles comprising an otherwise spherical body into el- 
lipsoidal configurations which far outnumber those available 
to the parent sphere. 
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